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UNIQUENESS IN BOUNDED MOMENT PROBLEMS

HANS G. KELLERER

ABSTRACT. Let (X, 2, u) be a o-finite measure space and Z be a linear
subspace of .#{(u) with supp.Z = X. The following inverse problem is
treated: Which sets 4 € 2 are “%7-determined” within the class of all func-
tions g € Fo(u) satisfying 0 < g < 1, i.e. whenis g = 1, the unique
solution of [ fgdu = [ flydu, f € Z ? Recent results of Fishburn et al.
and Kemperman show that the condition 4 = {f > 0} for some f € %
is sufficient but not necessary for uniqueness. To obtain a complete charac-
terization of all % -determined sets, % has to be enlarged to some hull .Z'*
by extending the usual weak convergence to limits not in %{(u). Then one
of the main results states that 4 is % -determined if and only if there is a
representation 4 = {f* >0} and X\4 = {f* <0} forsome f* € .Z*.

INTRODUCTION

It is an immediate consequence of the Fourier inversion formula that a finite
mass distribution gy on R” is uniquely determined by all its one-dimensional
projections, i.e. by the image measures ¢(uo) with respect to all linear maps
¢ : R" — R. In applications as in tomography, however, only a finite number of
these projections can be observed. For simplicity let uo be absolutely contin-
uous with respect to Lebesgue measure; then it turns out that—except for the
trivial case uo = 0—a reconstruction is never possible (see §6). In most appli-
cations, however, some upper bound u for yg is available. Thus, given pro-
jections ¢, ..., ¢, the following “bounded moment problem” arises: Which
measures Yo are uniquely determined by their images ¢;(u) under the side
condition gy < u? Since the set of measures meeting these constraints is con-
vex, it is no surprise that a necessary condition requires uo to be a restriction
of u to some subset 4 (see §6). Translated via the Radon-Nikodym theorem
from measures to functions the problem takes the following form: The indica-
tor functions of which sets 4 C R” are—up to null sets—uniquely determined,
within the class of all functions g on R” satisfying 0 < g < 1, by the integrals
Jy fowilydu, 1 <i<k, for all bounded functions f on R?

Kuba and Volcic [12] and Fishburn et al. [3, 4] seem to be the first who studied
this problem, specializing it to the classical “marginal” situation, i.e. the case
where u is (a restriction of ) Lebesgue measure and the canonical projections
Ty, ..., T, play the role of the maps ¢, ..., ¢;. In [12] the authors restrict
the study to dimension 2 and, making essential use of a result due to Lorentz
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[15], give three different characterizations of the sets in question. In [3] it is
shown that, without dimension restrictions, a representation

A={x €R": fi(x))+ -+ fu(xn) > 0}

with appropriate functions f; is a sufficient condition for uniqueness. In a
preliminary version the authors conjectured this special structure of A (called
“additivity”) to be necessary, too. This, however, was disproved by Kemperman
[9], who supplied a counterexample in dimension 3. In [8] he generalized the
problem by considering an arbitrary measure space (X, 2, u) and replacing
the functions fon; by a linear space . % of integrable functions—as was done
independently by the present author. The problem then reads: For which sets
A €A do the equations

/Afdu=/xfgdu for f € 7

under the additional assumption 0 < g <1 imply g =14 modulo u?

It is the main aim of this paper to derive conditions for uniqueness of A4
in the above sense that are not only sufficient but also necessary. As it turns
out, this amounts to a careful extension of .Z to a “hull” Z* such that a
representation

A={f*>0} and X\A={f"<0}

for some f* € Z* is equivalent to uniqueness. Partly due to a somewhat
different approach, there is only a minor overlap with [8, 9] as will become
clear from the following survey of the subsequent sections.

Since the class of “.Z -determined” sets as introduced in Definition (1.2) turns
out to be stable with respect to complementation (see (1.5)), a fundamental
device is the limitation to notions that are symmetric in 4 and its complement
X\A. This suggests in particular the study of “.% -separated” sets as introduced
in Definition (1.6), which are contained in the class of .7 -determined sets (see
(1.7)). This subclass, however, can be very modest unless % is assumed to
be closed, as is shown by Example (1.8). Another difficulty can be caused by
the existence of a nontrivial subset of X where all functions f € % vanish
and therefore provide no information at all. This motivates the introduction of
a “support” of .Z in Definition (1.9) and explains the importance of Lemma
(1.10). One consequence is Proposition (1.11) stating that a full support of %
is not only necessary but also sufficient for the existence of 7 -determined sets.
The section concludes with a geometric characterization of these sets as extreme
points of a related convex set (see (1.14)).

Interpreting in §2 the reconstruction of a set 4 from the associated integrals
[, fdu, f € %, as an extension of some linear functional, it is natural to
employ the Hahn-Banach theorem. This provides in Theorem (2.1) a central
criterion for uniqueness. To derive from it an explicit representation of .7 -
determined sets, it is crucial to extend the notion of weak convergence from
integrable functions to a larger class. This leads to the definition of a hull .Z*
of Z (see (2.4)) and allows a complete characterization of .# -determined sets
in Theorem (2.5), representing 4 and X\A4 by means of a function f* € .%Z*
in the above sense.

Since the passage from Z to Z* is a delicate limiting process, it is of
interest to find a more constructive access to as many % -determined sets as
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possible. To this end, in §3 the following arguments will be combined: (1) the
J -separated sets result from maximizing linear functionals associated with the
functions f € %, (2) the # -determined sets may be interpreted as extreme
points of some convex set, (3) in the finite-dimensional case these points can be
found by maximizing a finite number of linear functionals recursively. Without
dimension restriction but within the framework of measure theory this suggests
the use of sequences f, € Z, n € N, in the present context. As will follow
from Example (3.3), however, it is necessary to work with countable ordinals
instead of ordinary sequences. This leads in Definition (3.2) to sets that are
“% -separated of order y,” which have their origin in the special case y = 1.
As will be seen, these classes of sets, which for finite y are also considered by
Kemperman [8, 9], may increase strictly for increasing parameter y. By means
of the criterion (2.5) they can be shown to consist indeed of .% -determined sets
(see (3.4)). As is demonstrated, however, by Example (3.5), even on a countable
space X their union does not necessarily exhaust the class of all -7 -determined
sets. An exception is provided by the case of a finite-dimensional space .% , as
follows easily from the arguments (1)-(3) above (see (3.8)) and is proved in [8]
by ad hoc methods.

In view of the gap between .7 -separated sets and % -determined sets it
is a natural question whether at least an approximation theorem is available.
After the introduction of an appropriate topology in the c-algebra 2, §4 first
investigates whether the class of all % -determined sets itself is closed with
respect to it. This turns out to be true in the finite-dimensional case (see (4.1)),
while Example (4.2) shows to what extent this can fail otherwise. Therefore
the notion of “almost .#-determined” sets is introduced in Definition (4.4)
and their connection with .Z -separated sets is clarified in Theorem (4.6). By
means of this criterion the representation (2.5) can be carried over to almost
Z -determined sets, replacing the hull Z* by the set Z** of all pointwise
limits of sequences in .Z° (see (4.8)). Moreover, Theorem (4.9) solves the
approximation problem mentioned at the beginning of this paragraph.

The following section considers a weaker notion of uniqueness, which is more
adequate for some applications but less convenient to work with. The point in
Definition (5.1) is to compare a set 4 only with indicator functions instead of
all functions g satisfying 0 < g < 1. It is typical, however, for applications
that the subspace .7 is not too large, i.e. “thin” in the sense of Definition (5.3),
and in this case both notions coincide (see (5.4)).

The concluding section is devoted to the classical geometric situation as ex-
plained at the beginning of this introduction. From results proved by the author
[7] long ago it follows that strong and weak uniqueness agree in this case. As
it turns out, the results concerning dimension n = 2 resp. n > 2 differ com-
pletely. Using results in [3] and [12] in the first case, Proposition (6.2) proves
the coincidence of 7 -separated and almost % -determined sets, including thus
all other types. In contrast, in dimension n > 2 there are counterexamples
(1) due to Kemperman [9] showing that the order of separation cannot be dis-
pensed with in general and (2) by Fishburn et al. [3] showing that the class of
JZ -determined sets fails to be closed even with respect to monotone sequences.
Thus it remains to find a counterexample (3) demonstrating that the classes
of generalized 7 -separated sets again need not exhaust the class of all .%'-
determined sets. This is done in Proposition (6.4), supplying suitable sets of a
very simple structure.
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Finally, it should be pointed out that all proper geometric aspects, as provided
for instance by convexity, are disregarded in this paper. For related results see
the survey paper by Gardner [5] and the references therein.

NOTATION

Given a (nonnegative) measure space (X, 2, u), the function spaces £ (1)
and .%,(u) have their usual meaning. Since the norm in %, (x) will play no
role, the norm in Z{(u) is simply denoted by |-||.

A(u) resp. £ o(u) is written for the space of measurable functions with
values in R resp. R, the extended real line. Here, as above, functions that
agree modulo u are identified and the same convention holds for sets in the
o-algebra.

Since suppressing u in equations and inequalities may, however, be mislead-

ing in statements like 4 = &, as a rule the symbols = and < resp. C are used
12 u u

in the sequel.
For f € %(u) and 4 € A the u-essential supremum of f on A is denoted

by u-sup{f(x): x € A}; for a family of functions f; € Z(u), resp. sets
A; €, i € I, the u-essential supremum, if defined, is denoted by u-sup;¢; f;,
resp. u-sup;cy 4; (infima will not occur).

Finally, for the o-algebra generated by any family & = {f; : i € I} of
real-valued functions on X the notations o(¥ ) as well as o(f;, i € I) are
used.

1. BASIC FACTS

Throughout this paper the following conventions hold:

(a) (X, %, u) is a o-finite measure space,

(b) Z is a linear subspace of .Z(u).
Concerning (a), it should be mentioned that some of the subsequent results
extend easily to a localizable measure space. On the other hand, the o-finite
case formally can be reduced to the finite one, multiplying the measure y by
a strictly positive function 2 € #{(u) and all functions in Z by 1/h—at
the expense, however, of obscuring some essential points. Concerning (b), the
linearity assumption is obviously no real restriction, because, given the integrals
[x figdu of a function g € £ (u) for some functions f; € Z(u), these
integrals are known for all their linear combinations. By a similar argument
Z could be replaced by its closure .Z as well, but this would unnecessarily
weaken some of the subsequent results.

The subspace % induces the following equivalence relation:

(1.1) Definition. Two functions g; € % (u) fulfil g ~ 8, if

/fgndﬂ=/fg2du forall fe 7.
X X

This equivalence relation yields the quotient space of .%,(u) with respect
to the closed linear subspace

5?*={ge.?oo(u):/ngd;t=0forallfe%}.
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Therefore the relation > is compatible not only with equality modulo u but

also with the linear structure in %, (u). In a natural way (1.1) defines an
equivalence relation in the o-algebra A, denoted again by 5 which, however,

need not be compatible with the lattice structure in 2.
The main object of this paper is the study of the following class of sets:

(1.2) Definition. With the notation
F={geL(u):0<g<1)
[T
the class D(%Z) consists of all “Z-determined” sets 4 € A, satisfying the
condition

(%) ly~g€e¥% implies g=1y4.
Z u

This class is clearly invariant under the passage from % to % . Moreover,
it increases when Z increases, the extreme cases being given by

D(X)=2 for Z ={0} and D(F)=Afor % =ZA(u);

here u # 0 has to be assumed in the first equation.
Equally simple is the following case:

(1.3) Example. Assume 0 < u(X) < oo and let Z consist of all constant
functions. Then

Li s (A)/m(X)1x €Z forall A€

thus ©D(%) contains only the extreme sets @ and X .

As defined in (1.2) the class ©(%) depends on the underlying o-algebra,
but this dependence is only formal:

(1.4) Proposition. Let the measure u be a-finite on Ay = a(Z). If Do(%)
denotes the analogue of (%) with Uy replacing A, then

AeD(X) ifandonly if Aonei)o(%).

Proof. 0. If % denotes similarly the analogue of &, the Radon-Nikodym
theorem assigns to each g € & a function gy € & such that

(1) /gd,u=/g0du for all B € 2y,
B B

hence in particular

2) /fgdu=/fg0du forall fe.%7 .
X X

1. Assume now 4 € D(Z) and consider the function gy = (14)¢ according
to part 0 of the proof. Then by (2)

lA;goe%C? (modulo u),

hence g = 14 by uniqueness and thus gy = 1,, for some A4y € %y . But this
u
implies first Ay = A and then Ap € Do(F) dueto 4 € D(X).
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2. Conversely, assume A = Ay € Do(Z) and consider an equivalence
14 ~ 8 with g € &. Then by (2) 1,4, = 14 > 8 € %, hence g = 14,
by uniqueness and thus by (1)

/gduzfgodu=/1Aodu forall B e%y.
B B B

By choosing B = Ay resp. X\Ap this implies g = 14, dueto 0< g <1 and
TR
therefore indeed g = 4. O

Clearly, this result contains the preceding example as a special case. More-
over, assuming 4 to be o-finite on 2, is no real restriction, because this con-
dition holds whenever D(.%) # @, as will follow from (1.10) and (1.11).

Concerning stability properties, it will be seen in the sequel that the class
D(FZ) in general enjoys only the following one:

(1.5) Proposition. D(%') is stable with respect to complementation.

Proof. If A € D(X), an equivalence
~ Zz
Lx\4 ~8E€

leads to
IA;/I—gE?,

hence l—gfl,, or gflx\,,,i.e. X\Ae®d(Z). O

This result suggests as a general principle to study only notions that are sym-
metric in A and its complement. Since .# together with f contains — f, this
holds in the following case:

(1.6) Definition. The class G(Z) consists of all “.Z -separated” sets 4 € A,
allowing a representation

A={f>0} and X\A={f<0}

for some function f € .7 .

Thus, for instance, the sets @ and X are contained in &(.%) if and only if
% contains a function f that is strictly positive.
The importance of this class is easily established:

(1.7) Proposition. &(%') is a subclass of D(%').

Proof. If A is represented by f in the sense of (1.6), 1, is uniquely de-
termined as that function g € & for which the integral [, fgdu attains its
maximal value. O

The classes G(Z) and D(%) may differ extremely:

(1.8) Example. Let (X, A, u) be given by Lebesgue measure on the real line
and choose for Z the linear space of all continuous functions with compact
support (modulo x). Then &(#%) = @ and D(Z') = U, because u(f =0) = oo
for all f € %, while any function g € % (u) is clearly determined by the
integrals [, fgdu, fe % .
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The crucial point in this example lies in the fact that the subspace % is not
closed in A (u). Indeed, its closure equals .#(u), and it is immediate that
always

S(FZ)=2% for % =ZAu).

Therefore, counterexamples concerning &(.%) are convincing only for closed
Z .

Another problem may be caused by the existence of a set 4 of positive
measure on which all functions f € Z vanish. This suggests the following
notion, which makes use of the fact that the measure u is o-finite:

(1.9) Definition. The “support” of % is given by
supp.Z = pu-sup{f # 0}.
fex

This support is clearly invariant under the passage from % to % . As
follows from (1.8), however, assuming .Z to be closed is essential for the
following result:

(1.10) Lemma. If Z is closed, then
supp % = {fo #0} for some fy € % .

Proof. 1. According to the definition there exist functions f, € Z with
supZ = J{fu #0},

neN

where convergence of ),y |l/z|| can be achieved by taking suitable multiples.
Therefore, after a modification of f, on some null set if necessary, it may be
assumed that

Zlf,,(x)| <oo forallxe X.

neN

With the notations
T,=[0,1, Tz= [[ Tw and T=T,xT; forneN
n#meN
this implies that the functions
f,=Zt,,f,, fort=(t,,neN)eT
neN

are well-defined and belong to the closed subspace .7 .
2. Consider next the sets

A} ={fm#0, =0} forneNandteT.

Since the sets Af'z,, ) In € T, , are pairwise disjoint for fixed #; € T;; and the

measure y is o-fimte, the set

S,':_={t,, €T, :uAl )) > 0}

(tn . t5

is countable for every t; € Ty.
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3. Denote now by v, Lebesgue measure on 7, and by 15; and v the
corresponding product measures on 7; and T, respectively. Then

v({te T ud]) > 01 = [ w(S)dvg=0

n

for all n € N by part 2 of the proof. Therefore also

V(U{teT:,u(A{')>O}) =0,

neN

which implies the existence of some ¢ € T such that
u(A47)=0 forallneN.

This in turn yields
U/ #0}c {fi #0},
neN #

i.e. f; may be chosen for f,. O

By means of this lemma the next result is immediate:
(1.11) Proposition. D(Z) # @ is equivalent to suppZ = X .
m

Proof. 1. Since A ~ A, , whenever the symmetric difference of 4; and A4,
is contained in X\ supp.% , the condition supp.#Z = X is obviously necessary
u

for D(F) # 2. .
2. Conversely, if it is satisfied, there exists by (1.10) a function fy € Z with
u(fo =0) =0 and thus by (1.7)

(/>0 e6(F)CcDF)=D(F). O

If (%) is nonempty, @ and X may be the only .Z-determined sets, as is
the case in (1.3), where dim.Z = 1. There are, however, other sets in D(.%)
as soon as dim% > 1. Indeed, by (1.10) choose a function fy € & with
u(fo =0) =0 and another function f; € % such that f, and f; are linearly
independent. Then e = f;/fo is not constant modulo u, hence u(e <t) >0,
ue=1t)=0, u(e >t) >0 for some constant ¢. If f; does not change its sign
modulo u, the function f = tfy — f; € Z yields the nontrivial sets {f > 0}
and {f <0} in D(F) = D(X), while otherwise {fy > 0} and {f; < 0} will
do.

On the other hand, it may happen that all sets other than @ and X are
Z -determined:

(1.12) Example. Assume 0 < u(X) < oo and consider the closed subspace

w={redw: [ rau=o}.

Then obviously @ > X, while each set 4 with 0 < u(4) < u(X) is even

JZ -separated, as can be seen by choosing the function
S=uX\A) 1 — p(A)x\4 € Z .
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In addition, this example shows that the class ©(%) as well as &(.Z) need
not be stable with respect to monotone sequences.

To derive a first criterion for %7 -determined sets, the following fact will be
needed:

(1.13) Lemma. The condition supp % = X is satisfied if and only if

(%) lcg;Ofor all C € A implies gTO.
Proof. 1. Assume first supp 7 = X and let g € %, (u) meet the requirement
in (), ie.
/Cfgdu=0 forall fe€ Z and C € A.
Then fg vanishes modulo u, hence
{g=0}2{f7é0} forall fe 7,

which implies
{g=0}3supp%fX.

2. Conversely, consider the function g = 1y\ supp.# , Which obviously meets
the requirement in (x); therefore g =0 or equivalently supp.Z = X. O
H u

Now denote by £ /.% the quotient space of & with respect to 5 which is

again convex. Then Satz 3.4 of [7], treating the marginal case, has the following
analogue:

(1.14) Theorem. Let % satisfy supp % = X. Then a set A € A belongs to
D(X) ifand only if 1, is an extreme point of & | % .
Proof. 1. Assume first A € D(%) and consider an equivalence

1A§ﬂ1g|+l92g2 with §; > 0, 191+192=1andgie?.

Together this implies g, = 14, hence g; ~ 1,4 as well.
u

2. Conversely, let 1, be an extreme point of £ /% and consider an equiv-
alence 1,4 ~8 € Z.1If Be€ is any subset of X\A, this yields

14 o 11+ 1p8)+ S1xpg.

The right-hand side is a convex combination in ¥ /% , hence
IA;[ 14+ 1pg forall B e A with BC X\A4

or, B replaced by C n(X\A4), equivalently
le(1x\a8) > 0 forall Ceq.

Since the condition supp.% = X is satisfied, (1.13) applies with the result

Ix\48 = 0. But it follows as in the proof of (1.5) that 1y, 4 is an extreme point
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of &/Z aswell. Since 1y 4 ~ 1-g € &, this implies similarly 1,(1-g)=0.
u
When combined, the last two equations yield g = 14, proving A€ D(Z). O

The case u # 0 and Z = {0} shows at once that the condition supp .7 = X
u

is essential for the sufficiency in this criterion. Moreover, this condition being
satisfied, there are no further functions g € £ yielding an extreme point of
Z /% . Indeed, consider the set

A={e<g<1-¢} withe>O0 arbitrary.
For any B € 9 satisfying B C A this yields
g; %(g—813)+ %(g+815) with g+ elp e @,

hence by the hypothesis
g—slB;Fg+slB for all B € 2 with B C 4

or equivalently
ICIA;O forall C e .

By (1.13) this implies 1,4 70, which for ¢ — 0 proves u(0< g<1)=0.

2. MAIN RESULTS
The following characterization of .7 -determined sets is of central importance
and will allow an explicit criterion:

(2.1) Theorem. Let h € £ (u) be strictly positive. Then a set A € A belongs
to D(FZ) if and only if

inf (L(h—f)*du+/X\A(h+f)+dp) 0.

Proof. 1. For fixed 4 € A, due to the duality £*(u) = L (u), there is a
bijection between the functions g € %, (u4) such that

(1) 4 } lA )
(2) 0<g<l1
u u
and the continuous linear functionals / on .Z{(x) such that
(1) 1) = [ fdu forfex,
A

@) 0<I(/)< [ fdu foro<feHw),

X

where the continuity of I is actually a consequence of condition (2'). By
means of the functional

J(f)=/Xf+d/t for £ € Aw),
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which is obviously positively homogeneous and subadditive, condition (2) can
be replaced by
I(f)<J(f) forall feZA(n).

Indeed, this inequality implies (2’) due to
I(f)<J(f)=0 whenever f <0,

while the converse is trivial.
2. Therefore, 4 is % -determined if and only if the linear functional

L(f) = /A fdu for f e A

is the unique J-dominated extension of its restriction to .Z . But this means
that each such extension I satisfies

I((14 = Ly\a)h) = L4(h).
Indeed, due to the strict positivity of 4, this equation implies g = 14 for the

function g € & associated with 1.
3. Now start the proof of the Hahn-Banach theorem by adjoining to % in
the first step the function
Jfo= (14— lx\a)h € A).
Then it turns out that the admissible values for I(fy) reduce to I4(h) if and
only if

sup (I4(f) = J(f = /o)) = La(h) = inf (J(f + fo) — L4(f)).

nf
fex fex

By inserting J and I, explicitly the first equation is easily transformed into
the asserted condition, while the second one becomes

in (/A(h+f)‘d/t+/X\A(h—f)‘dﬂ) =0

and is seen to be no condition at all by choosing f=0. 0O

It is a natural question to ask whether the infimum in (2.1) is attained. In
general this is not the case, because otherwise there would exist a function
f € Z such that

A={f2h} and X\A={f<-h},

a requirement even stronger than 4 € 6(%).
An immediate consequence of (2.1) is the following:

(2.2) Corollary. For each set A € D(X') there exists a subspace Z of % ,
generated by a countable basis, such that A is already #y-determined.

Proof. Simply choose as basis a sequence of functions f, € Z for which the
crucial sum in (2.1) converges to its infimum 0. 0O

This result should be compared with the fact that a set 4 € 6(%) is obvi-
ously #-determined even for an appropriate subspace % of dimension 1.

By means of the criterion (2.1) it is possible to decide by which “hull” Z*
the subspace Z has to be replaced in (1.6) in order to yield all % -determined
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sets. Here, the crucial point consists in a generalization of the usual notion of
weak convergence in . (u) to limits not contained in this space.

To include all monotone sequences, infinite values are allowed in the follow-
ing extension:

(2.3) Definition. Let f,, n € N, be a sequence in #(u) and f* € ,‘?6(;1) be
arbitrary. Then f, ~ f*,ie. f, converges “weakly” to f*, if

/angdu*/xf*gdu

for all g € .%,(u) such that the right-hand side is well defined, i.e. at least one
of the integrals [,(f*g)"du and [, (f*g)*du is finite.

For a first justification of this definition it will be shown that

Sin % fon and fin ~ f7 implies f{ % .

Indeed, the inequality is obvious on the set {f* <0 < f;} and follows on the
sets {f <0, f; <0} and {f; >0, f > 0} by choosing indicator functions
for g and passing to the limit, taking into account that u is o-finite. Finally,
A={fF >0> f;} has measure zero, due to

OS/f{‘du= lim/fl,,dug lim/fz,,dy=/f2*dﬂ50_
A n—oo A n—oo A A

This proves the assertion, which in particular implies that in case of convergence
the limit is unique. Moreover, this extended weak convergence is obviously
compatible with scalar multiplication.

The scope of (2.3) is seen by the easily established fact that each function

f* € ZA(n) is a weak limit of functions f, € £ (u) or by the example nf ~

f* with f*(x) = -0, 0, +0 as f(x) < 0, =0, > 0 for each function
feAw).
It is clear that the convergence condition in (2.3) can be reduced to
/ fngdu — / frgdu
X X

forall g € ¥ such that the support of g is contained in {f* < 0} or {f* > 0}.
It is an open problem, however, even in the case of a countable space X,
whether g can be restricted further to indicator functions, as is true for the
usual notion of weak convergence.

The hull of Z with respect to this extended weak convergence will be de-
noted by a special symbol:

(2.4) Definition. .7* is the class of all functions f* € .%(u) such that f, ~
f* for some sequence f, € %, n€N.

Clearly, Z* is again stable under scalar multiplication. Moreover, passing
from Z to Z makes no difference, because for functions f,, f; € Z(u)
certainly

fo~ f*and | fu — £, = 0 implies f, ~ f*.
After these preliminaries the main characterization of the class ©(-%) can
be established:
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(2.5) Theorem. A set A € A belongs to D(F') if and only if
Af{f* >0} and X\AT {f*<0}

or some function f* € %*.
fe Junction f* € %™

Proof. 1. Assume first A € D(Z) and apply (2.1) to obtain a sequence f, €
Z , n € N, such that

> (L(h—ﬁ)+du+/)(\A(h+ﬂ)+dﬂ) < oo

neN
for a fixed strictly positive function 4 € £ (u). Interchanging summation and
integration yields

z(h—f,,)+ <ocoonA and Z(h+ﬂ,)+ <ooon X\4,

neN neN
and this implies easily
(1) Y fu=+cond and Y f,=-cconX\4,
neN neN

always understood modulo u. Moreover, the estimates f,- < (h — f,)* and
SF<(h+ fu)* lead to

(2) /A (Z f,,‘) du < oo and » (Z fn+) du< .

neN neN
When combined, (1) and (2) yield without difficulty

I3+l =)

neN

hence f* is contained in .Z* and has the required property.
2. To prove the converse, let A be represented by means of f* with %7 >
Jfa~ f* and assume 1A§g € Z. Then

[ fitadu= [ frgdu,
X X
and this is equivalent to

/fn(lA—g)+d#=/ﬁz(g—lA)+du,
X X

where the supports of (1,—g)* and (g—14)* are contained in {f* > 0} and
{f* < 0}, respectively. Therefore the passage n — oo is possible and results in

/Xf"(lA -g)tdu= /Xf*(g -1l du.
But the two integrals are of opposite sign, hence
[ - an=0= [ rie-1van.

which means
g>1lyon{f">0} and g<Il o0n{f" <0},
u u

combining to g = 1,4, as had to be shown. O
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It is established in part 1 of the proof that the function f* € Z* representing
A actually can be restricted to the values +oo. As will be seen in (3.3), it does
not suffice to consider only finite-valued functions f*. This example, moreover,
will show that the hull Z* cannot simply be replaced by the set of all limits of
monotone sequences in % . Finally, it should be mentioned that 4 € (%) is
already a consequence of representations

A={fr>0} and X\A={f; <0}

with arbitrary functions f* € Z . Indeed, in this case f* = f + f; is well
defined and 7 > fi, ~ f;* implies % > fi,+ fon ~» f*, hence f* is contained
in Z* and in addition has the required property.

To conclude this section with a simple application, consider the question
under what condition X itself is .7 -determined. According to (2.5) and the
subsequent remark this holds if and only if there exists a sequence f, € %,
n € N, with the property

lim [ f,du=o00 whenever u(4)>0.

n—oo A

3. GENERALIZED SEPARATED SETS

The passage from Z in (1.6) to Z* in (2.5) is somewhat involved. It
is, therefore, important to find classes lying between &(.%) and D(F%). As
outlined in the introduction this suggests a natural generalization of the concept
of % -separated sets.

To this end lexicographic order will be needed:

(3.1) Definition. For any ordinal y > 0 the linear space R’ = [], R s
totally ordered by the relation

(%) {(ua,a<y)j(v(,,a<y) if and only if
*
B={a:u, #v,} =@ orug <vg for f =minB.
This order is compatible with the linear structure, in particular
u>v ifandonlyif u—-v >0,

where the symbols > resp. < and > have the usual meaning.
To ensure measurability, actually a restriction to countable ordinals is neces-
sary in the sequel. Beginning with &(%'), this yields the following hierarchy:

(3.2) Definition. If y > 0 is a countable ordinal, the class &,(.Z") consists of
all sets 4 € A that are “.% -separated of order y”, i.e.

Af{(ﬁ,,a<y)>0} and X\Af{(ﬁ,,a<~/)<0}

for suitable functions f, € 7, a<y.

As (1.6) this notion is symmetric in 4 and its complement. Extending
foas @ <y, by copies of f =0 shows that the class &,(%) increases when y
increases. Actually, the map y — &,(-Z) may strictly increase at each ordinal.
Thus, in particular, y < wq (the first infinite ordinal) is really a restriction, i.e.
(3.2) cannot be confined to ordinary sequences f, € % , n € N. To exemplify
this, a more elaborate construction is required:
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(3.3) Example. Let y > 0 be a countable ordinal and X C R” consist of all
X = (x4, a < y) such that x, € Z for every a and in addition x, # 0 for
at least one and at most finitely many indices. Moreover, let u be a strictly
positive measure on the countable space X and choose for .7 the closed linear
space generated by the projections 7, : x — X, , a < 7, which are contained in
Zi(u) as soon as u integrates the finite-valued function f =3, , |7,|. Then
it turns out that

A={(Ta, a <) = 0} € &,(F)\ | 65(7).
B<y

Indeed, 4 € 6,(%) follows from 0 ¢ X, and it remains to show that a
representation

A={(fa,a<B)>=0} and X\Ad={(f,,a<p)=<0}

with f, € Z and B < y leads to a contradiction. To this end observe first
that norm convergence in .%](u) implies pointwise convergence on X and thus
each function f € % is of the form

[=) tama witht, € R,
a<y
where the sum in fact is finite, if f is evaluated at any x € X . Now from
Aea(fy,a<p) and A4 ¢ ag(n,, a<p)

it follows that there is a first oy < y such that f,, is not measurable with
respect to o(n,, a < ag). This implies in turn the existence of a first By > ag

such that
Joo = Z oMo + g, g, + Z oMl
a<ag Bo<a<y
with g # 0. Consider, finally, for arbitrary n € Z the point x € X with
Xqp = —1, xg, = n,and x, = 0 otherwise. Then x < 0, hence x ¢ A and

thus (f,(x), a < B) < 0. But this implies
log*(=1)+1g,-n <0 foralneZ
in contradiction to g, # 0.
Next, the statement of (1.7) can be extended:

(3.4) Theorem. G,(Z) C D(Z) for each countable ordinal y > 0.

Proof. 1. Assume without loss of generality % to be closed and let 4 € &,(%)
be represented by f, € Z', a <y, where a=3, _, |fall < oo may be achieved
by taking suitable multiples. Choose real numbers r, > 0 with Y _ r, < oo
and consider the functions

f,{=2n3"ﬁ, withsa=2rﬂ,

a<y B>a

a<y

which, due to the normalization of f,, a < y, belong to # . The assertion
will be established by proving f) ~~ f*, where

f*=+4+c0ond and f*=-ocoon X\4,

and applying (2.5).
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2. Let for instance g € & satisfy

{g>0}c{f*>0} and u(g>0)>0.
Then it must be shown that

/f,ﬁgd/z=/f,:gdy—>+oo forn — .
X A
To this end partition 4 = {(f,, a < y) > 0} into the sets

Ag={fao=0fora< g, fp >0} e, B<y,

and define
Bo=min{B : u(45 N {g > 0}) > 0}.
With the abbreviations r = rg and s = sp, this yields the inequality

[ figdu= Z/ figdu

B=Bo

=y Y S“/ fagdu

B2Boa=p

>n/ ugdu- 3 w [ \fldn
>n (b—;l—a)

b =/ frugdu>0.

Thus the lower bound tends to +oco, and the proof is completed. O

where

At this point two questions left open in the context of (2.5) can be settled.
Taking y = 2 in (3.3) yields
F =A{tomg + i, : t; € R},
and this set is closed with respect to pointwise limits in R as well as with respect
to monotone limits in R. Since
61(F) G 6:(F) CD(X),

this shows that restricting the definition of Z* to finite-valued limits or limits
of monotone sequences in general is not possible.

Most interesting in the context of (3.4) is the question whether D(%) is
simply the union of the classes 6,(Z), y < w; (the first uncountable ordinal).
This fails to hold even for countable spaces X :

(3.5) Example. Endow X = Z with the measure u defined by u({n}) = 2"
and consider the linear subspace

I ={feZAW): f(-n)=f(n)- f(n—1) for n € N},

which is clearly closed. Then
2 edX)\ |J &,(F

y<w,
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Indeed, O; g €% implies [, frgdu =0 for

o= l{-—n,+n} - l{—n—l} EX,
which means explicitly
27"g(-n)+2"g(n)-2"""'g(-n-1)=0 forneN.

But, due to g > 0, this leads to g(—n —1) > 2g(-n) and, dueto g < 1,
to g(—n) = 0 for n € N. Considering any function f € Z that is strictly
positive for n > 0, it turns out that g must in fact vanish everywhere, and thus
@ is indeed .7 -determined. The assumption that & (or X) is % -separated
of some order y, however, implies the existence of functions 0 € %, a <y,
such that

(fOx),a<y)>=0 forallxe X.

But the only nonnegative function in % is f = 0, because

fm)y=f(n-1)+f(-n)> f(n-1) forneN,

in view of the integrability, implies f(n) = 0 for n > 0, hence also f(n) =
0 for n < 0. By recursion this yields f? = 0 for all @ < y and thus a
contradiction.

Incidentally, it should be mentioned that this example can be shown to con-
tradict Theorem VI.2.2 in [11], stating that through every extreme point of the
closed convex hull of the range of a vector measure passes a supporting hyper-
plane.

As already mentioned in the introduction the approach in (1.6) and (3.2) is
closely related to asymmetric notions in the existing literature, using the term
“additive” for historical reasons. Essentially, Kemperman in [8] studies the
finite case and in [9] mentions the infinite case of the following notion:

(3.6) Definition. If y > 0 is a countable ordinal, a set 4 € 2 is called “.%7 -
supported of order y”, if

AT{(j;,a<y)>0} with f, e %, a<y.

The relation to (3.2) is easily established:

(3.7) Proposition. Let y > 0 be a countable ordinal. Then

(a) a set A is Z -separated of order y if and only if A and X\A are both
JZ -supported of order y

(b) if a set A is Z -supported of order y and % contains a strictly positive
Sfunction fy, then A is K% -separated of order y + 1.

Proof. (a) Since the condition clearly is necessary, assume
A={(fa» a<)>0} and X\A={(f/, a<y)>0}

for suitable f., f' € Z . Then it is immediate that
fa=fi-fleX fora<y

yields a representation in the sense of (3.2).
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(b) IfAf{(j;,a<y) - 0} with f, € Z and f, = —fy, then f,,

a <7+ 1, yields again a representation in the sense of (3.2). O

The case Z = {0} shows at once that the additional assumption in part (b)
of this proposition cannot be dispensed with.

The final result of this section concerns the special case of a finite-dimensional

space % . An application of (1.14) allows a simple proof of the following result,
which corresponds to Theorem 4.16 in [8]:

(3.8) Proposition. If 0 < k = dim.%Z < oo, then

DI ) =G (X).
Proof. 1. If f;, 0<i<k,isabasis of .7, the range

R={([Yﬁgdu, 0§i<k>:ge?}

is a compact convex set in R¥ by Alaoglu’s theorem, and

(0:?/52”9g+—»</f,~gdﬂ, O§i<k>eR
X

is a bijection that respects convex combinations. But, due to (1.11) and (3.4),
supp % = X may be assumed, and thus (1.14) is available. It suffices, therefore,

to characterize the extreme points of R.

2. Each of these points is obtained by first applying an orthogonal transfor-
mation L to R¥ and then taking the lexicographic maximum of L[R] (see e.g.
[6, p. 44]). But L can be cancelled out, replacing the elements of the basis by
L(fi), and it remains to find the set 4 € % maximizing (f, fidu, 0 <i <k)
in lexicographic order. Since this order relation is compatible with the linear
structure, hence with integration, 4 and X\A4 have to satisfy

A2{(fi, 0<i<k)»0} and X\AD({(f;, 0<i<k)=<0}.

Since {(fi, 0 < i < k) = 0} is a null set, due to supp.Z = X, this means
" A € 6,(X), and the proof is completed. O

As is clear from (3.3), the equation (%) = &,(%) in general need not
hold for some y < k. An exception, however, is the case

{f=0}7®orX forall fe %,
where obviously 6,(%) = 6(%) .

4. ALMOST DETERMINED SETS

As shown in the preceding section the class D(.%') is not necessarily ex-
hausted by the classes &,(.%") . This raises the question whether %7 -determined
sets can at least be approximated by 7 -separated sets. To treat this problem,
the o-algebra 2 or, more generally, the space % (u) has to be topologized first.
The adequate topology is induced by convergence in measure, denoted by r in

the sequel, which is defined via convergence modulo u, denoted simply by —,
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as usual: a sequence in .Zj(u) converges in measure, if each subsequence con-
tains a subsubsequence converging modulo ux. Since this measure is o-finite,
the topology is also induced by the metric

d(el,ez)=/ ley —exf Ahdu for e; € F(u),
X

where & is any strictly positive function in .#{(u). In a natural way 2 is
topologized as a—closed—subspace of Z(u) .

Before investigating the approximation problem stated above, the topological
structure of (%) has to be clarified. The first result is very satisfactory:

(4.1) Proposition. If dim.Z < oo, then D(%') is closed in 2.

Proof. 1. Multiply the basic measure space (X, 2, #) by a nonatomic measure
space (X', ", A, ') with 0 < p'(X’) < oo, to obtain a o-finite product space
(X A, jit) that is again nonatomic. Next, denote by 7 the projection from X
to X and transform Z° C Z(u) into ,/‘Z/_{fon fex}cA(ir), which is
again a finite-dimensional space. Then it is an immediate consequence of (1.4)
that

AeD(¥) if and only if 2? A x X' with 4 € D(F).

Combined with
A,,;»Ain?l if and only if A,,xX'?AxX’ in 2,

this shows that it suffices to consider the nonatomic case.
2. Assume now without loss of generality kK = dim.Z > 0 and use the same
notation as in the proof of (3.8). Then the mapping

W:?ag»—»(/ﬁgdu, 0§i<k>eR
X

is easily seen to be continuous and according to [19] (where a gap in [1] is
closed) to be open as well. The proof can therefore be completed by referring
to the following simple topological fact: if ¢ : U — V is continuous and open,
the set
Uy={ueU:y)=y(u) implies u' = u}

is closed in U, whenever this is a Hausdorff space. Thus the corresponding
subset % is closed in & . Restricted to indicator functions, this proves D (%)
tobeclosedin 2A. O

As is seen already from (1.12), the condition dim.Z < oo is essential for
this result. More interesting, however, is the following situation:

(4.2) Example. Let X be the product of the spaces X; =Z, 1 <i< 3, and
denote by =; the associated projections. In X consider the points

xlk = (ak9 —Qk—1, _ak—l)a e x3k = (_ak—l sy —Qk—1, ak))

where a, = 2K — 1 for kK > 0, and define a normed measure v by
v({x*})=127% for1<i<3andkeN.
Then the marginals u; = 7;(u) are given by
vi({£ax}) =427% for1<i<3andk >0,
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i.e. the measures v; are symmetric with respect to the origin, although v itself
is supported by the hyperplane ), ,.;7; = 1 (this is a slight simplification
of a counterexample in [20, p. 155]; related examples can be found in [2] and
[18]). Now let u be the symmetrization of v, having marginals u; = v; and
being supported by the hyperplanes ), ;.3 7; = £1, and consider

«%={ Z ﬁoﬂi:ﬁe-%(ﬂi)}-

1<i<3

Then D(Z') fails to be closed, because

Ap = { > (ni/\n)>0}633(%’) forneN,

1<i<3

A= { > n,~>0}¢@(z),

1<i<3
although A4, 1 4. Indeed, the first assertion follows from (2.5), because
" 1
fr= z (i An)— 3
1<i<3
as the limit of a decreasing sequence in % satisfies f; € Z* and
A, ={f; >0} and X\4,={f; <0},
while the second assertion is a consequence of A s X\A4.

Moreover, this example answers in the negative the question whether a rep-
resentation as in (2.5) is sufficient for 4 € D(%), if f* is chosen from the
monotone class generated by % rather than from Z*.

Incidentally, it is of some interest that the subspace .Z° fails to be closed

(compare a related counterexample in [14]). Indeed, choose real numbers by
with b, | 0 and 37, bk = oo and define functions e, and e on Z by

en(2ay) = (-2)%b; for 0 < k < n (0 otherwise),
e(+a) = (-2)¥b;  for k > 0 (0 otherwise),
satisfying e, € # (1)) and e ¢ £ (u;). Then
=) enomeX,
1<i<3

and a simple computation yields

Ifa = fll =2b, = 0 with f = Z eom;.

1<i<3

Now assume f € Z and symmetrize with respect to i to obtain

f=) eon withe € Z(u).

1<i<3
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But ¢’ can be symmetrized with respect to the origin as well, and then e” = ¢'—e¢
is a solution of the homogeneous equation

> e"om =0 withe"(-x;) = e"(+xi),

1<i<3
which is easily solved, resulting in

e’ (xa) = (-2)ke”"(0) fork >0.

This yields

e'(xay) = (=2) (b + €"(0)) fork >0,
contradicting the assumption ¢’ € .%{(u;) for every choice of ¢”(0).

After this digression the topological structure of ©(Z) has to be studied
without dimension restrictions. In view of (1.14) the following general result is
not surprising:

(4.3) Proposition. D(%) is of type G5 in A.
Proof. Given h asin (2.1), the function

¢f(A)=/A(h_f)+d,u+/X\A(h+f)+dy

is continuous on 2 for every f € £{(u), hence ¢(A4) = inf;c 5 ¢(A4) is upper
semicontinuous on 2. Thus

{ded:p(a)=0} = ({4:9(4) <3}
neN
is of type G5, and the assertion follows from (2.1). O

Since (%) need not be closed, the following notion is natural:

(4.4) Definition. A set 4 € 2 is called “almost .%Z’-determined”, if it belongs
to the closure (%) of D(%).

Clearly, the statement of (1.5) carries over, and D(%) is again stable with
respect to complementation.
A characterization of almost .Z -determined sets requires a perturbation:

(4.5) Lemma. Let A€ and f, € % satisfy
{f,,>0}—0>A and {f,,<0}—0+X\A.

If Z is closed, there exist f, € Z such that again
{f,§>0}?A and {f,:<0}—O+X\A
and in addition
u(f,=0)=0 forneN.
Proof. The assumption implies
{fi=0t={f<0IN{fn 20} - (N\) N4 =2,
hence supp.%Z = X, and (1.10) provides fy € % such that {fy # 0} = X . For
I
fixed n, therefore, the sets {f, +¢fy = 0}, € € R, are pairwise disjoint modulo
u . Now this measure is o-finite, hence there is a sequence ¢ — 0 such that

ufmn+erfo=0=0 formeN.
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Since the topology is metrizable, due to the convergence
{fo+enfo>01n{fu #0} - {fu >0}
with its analogue for {f, < 0}, there are coefﬁcxents €, such that
Ua>0 N {fi £0} =4 and {f; <0}N{f#0} — X\4
holds for f, = f, + enfo € Z and these functions satisfy in addition

u(f,=0)=0 forneN.
The assertion follows by another application of {f, = 0} e ]

Now a first criterion for almost .7 -determined sets can be derived:

(4.6) Theorem. Let e € L (u) be arbitrary. Then a set A € A belongs to
D(Z) if and only if there exist functions f, € % such that

{f,,>e}—0+A and {f,,<—e}—O>X\A.

Proof. 1. Assume first A € 9 (%) and fix a strictly positive function /1 €
A (u). Then, by definition, there are sets 4, € D(Z) such that

[ 14~ Ll nkdu—0
X
and, according to (2.1), functions f, € Z such that

(h—f,.)+du+/ (h+ fiytdu— 0.
An X

An

Due to the inequality
[ oy~ talnhdus [ - fydus [ hs gt dn

X An X\Ap

and its analogue for {f, < 0} this combines to
{f,,>0}—6>A and {f,,<0}—0»X\A
and settles the case e = 0. Otherwise, for fixed n and m — oo obviously
{f,,>u}—0»{f,,>0} and {f,,<—’—|}3»{f,,<0}.
Since the topology is metrizable, this yields
{n>lely o4 and {f; < —lel} - X\4

for suitable multiples f, = m,f, € Z . But in view of
(> lely c{fy > e} < {fy 2 ~lel}
with the lower and the upper bound both tending to A, this implies
{fn >e} e A and {f, < -—e} < X\A (similarly).

2. Conversely, let be given functions f, € Z with this property. Then the
inequalities

{(>epn{fuz-e} c{fa>0}C{fn>e}U{fn2—e}
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yield as above
{fn >0} Py A and {f, <0} Y X\A4 (similarly),

i.e. it suffices to settle the case ¢ = 0. But in addition .# may be assumed
to be closed, hence the functions f, can be modified according to (4.5), which
yields

A, = {1, >0}B>A and A4, € 6(X%).

A reference to (1.7) completes the proof. O

This theorem allows an explicit characterization of the class D(%'), which
uses the following notation:

(4.7) Definition. .Z7** is the class of all functions f** € _%(u) such that
fa — f** for some sequence f, € Z, ne€N.

Here, the convergence modulo u clearly can be replaced by convergence in
measure. As in the case of Z* the class Z** is stable under scalar multi-

plication. Moreover, passing from Z to Z makes no difference, since for
functions f,, f, € £ (u) certainly

fo— f*and Y| fu - foll <oco implies f, — f**.
neN
Now the statement of (2.5) has the following counterpart:

(4.8) Theorem. A set A € A belongs to D(F) if and only if
AT {f*>0} and X\A = {f* <0}

Jfor some function f** € Z**.
Proof. 1. If A€ D(X), according to (4.6) there are f, € Z such that

{f;,>l}—6>A and {f,,<—l}3>X\A.

By taking an appropriate subsequence this convergence can be interpreted as
modulo x as well, hence Z > f| +---+ f, — f**, where

f*=400o0onAd and f**=-ocoon X\4.

2. If, conversely, A can be represented by means of f** and % > f, — f**,
then

{fi>0 o {f">0t=4 and {f <O} - {f*" <0} =X\4,

and the assertion is an immediate consequence of (4.6). O

All comments concerning (2.5) carry over to (4.8): (1) f** € Z** actually
can be restricted to the values +co, (2) it does not suffice to consider only finite-
valued functions f**, (3) Z** cannot be replaced by the limits of monotone
sequences in %7 . Again, (1) is contained in part 1 of the proof, while (2) and (3)
follow from (3.3) for y = 2. Moreover, A € D(%) is already a consequence
of representations

A={fi*>0} and X\4={(f"<0}
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with arbitrary f** € Z** as follows in analogy to the corresponding statement
concerning (2.5).

In addition, it should be mentioned that, in contrast to D(Z) C D(F), the
inclusion Z* C Z**, though valid for countable spaces X, may fail in more
general situations.

To conclude this section, the approximation problem will be settled:

(4.9) Theorem. If % is closed, then G(%') is dense in D(%).

Proof. For an arbitrary set 4 € D(Z) according to (4.6) there exist functions
Jfu € Z such that

{fn>0}—0>A and {f,,<0}—0>X\A.
Since % is closed, (4.5) applies and yields &(%) > {f,, > 0} Y A. O

As is clear from (1.8), the condition % = % cannot be dispensed with.
Moreover, as a consequence of this theorem and the various counterexamples
it follows that in the chain

S(F)C- CE(F)C-- CD(F) CDX)

only the last member is necessarily closed.
All classes in this chain coincide in a simple special case:

(4.10) Corollary. If X is finite, then &(% ) =D(%).

Proof. % 1is finite dimensional, hence closed, and thus (4.9) is applicable.
Therefore each set 4 € D(%) is the limit of a sequence in &(%Z), which
is eventually constant, because X is finite. O

5. WEAK UNIQUENESS

In some applications it is more adequate to work with the following weaker
notion of uniqueness:

(5.1) Definition. A set 4 € 2 is called “weakly .#-determined”, if
(%) A~Be implies B=A4.
F /]

This condition is clearly satisfied for 4 € D(%'), but the converse fails:

(5.2) Example. Let X be a nonempty subset of N,
p{n)> Y w({m}) fornex,

n<meX

and % consist of all constant functions. Then each subset of X turns out to
be weakly % -determined, while it was observed in (1.3) that D(%) contains
only 2 and X.

Since convexity is lost by the passage from £ to 2, the notion in (5.1) is less
convenient to work with. There is, however, one important exception, present
under a condition first considered in [10] and in a way complementary to (1.13):
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(5.3) Definition. 7 is called “thin”, if the equivalence lcg 7 0 for each

C € 2 with u(C) > 0 has a nontrivial solution g € %,(u), i.e. a solution
satisfying u({g #0}nC)>0.

To see this condition to be natural, observe that for a set C not meeting
the requirement functions g vanishing outside of C can be identified by the
integrals [, fgdu, f € % . Clearly, for being thin the passage from % to

Z makes no difference. Moreover, provided supp.% = X, the underlying
i

measure 4 has to be nonatomic. In this case the well-known convexity theorem
of Liapunov [13] implies that each finite-dimensional subspace Z of .Z{(u)
is thin (see e.g. [6, p. 106]).

The crucial property of thin subspaces Z in this context consists in the
following fact (see [10] for finite x and [21] for o-finite u):

” { for each g € & there exists 4 € A such that
*

Ac{g>0} and IA;g.
This implies in particular that only indicator functions have a chance to be
determined by the integrals [, fgdu, fe % .
The main consequence of (*) is the coincidence of weak and strong unique-
ness:

(5.4) Theorem. If % is thin, then each weakly % -determined set A is con-
tained in D(F).

Proof. Consider an equivalence 1,4 5 g € Z and choose an arbitrary subset
B € of X\A. Then by property (x) there exist sets B’, B” € 2 satisfying
B'c B and lglglgg, B"CX\B and lgflglx\gg.

Therefore, B’ and B” being disjoint,

1 ~ 1 1 ~ l ' l n = 1 1 "

43 Bg + X\Bgz/B'*'B B'UB
and thus, 4 being weakly .Z-determined, A = B’ U B"” . But this implies in
particular B’ = @ , hence

lgg;lgffo for all B € 2 with B ¢ X\A4

or equivalently
lC(lX\Ag) ; 0 forall Ceq.

Since A is weakly % -determined, the condition supp.#Z = X is certainly
satisfied, and (1.13) applies with the result 1y\,g = 0. No:/ it follows as in
(1.5) that X\ A4 is weakly 7 -determined as well. Since 1y 4 s 1 —g, therefore
similarly 14(1-g) = 0. When combined, the last two equations yield g = lg,
proving A € (). O

6. CLASSICAL CASE

The most important application of (5.4) concerns the geometric situation as
outlined in the introduction in the context of computer tomography. To ensure
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the existence of nontrivial integrable functions of type f; o @;, in this section
the basic space will be assumed to be bounded, hence without loss of generality

X= ][] X with X; =]0, I[and n > 1.

1<i<n

Endow X with its Borel o-algebra 20 and the normed measure

p= Q) w withp; =4,

1<i<n

where A denotes Lebesgue measure. In .#{(u) consider the linear space

={ z ﬁon,-:ﬁefﬁ(#i)}-

1<i<n

In view of (4.9) the following simple result, contrasting with the discrete
situation in (4.2), is of interest:

(6.1) Proposition. 7 is a closed subspace of A (u).
Proof. Defining X; = [[;,; X; and p; = @, 4, introduce linear maps g;
from Z{(u) into Z(u;) by

ol f)ixim [ fdus,

where by Fubini’s theorem

loi(f)omi|| <|If]l forl<i<n.
Let now f* =3, ;c, ff omi with f} € A(w) satisfy

Ilf* = fll = 0 for some f € FA(u).

/ﬁ@ﬁ/ﬁm

1<i<n
hence, adding appropriate constants, without loss of generality

/f/‘dm=0 and /fdu=0.
Xi X

Then, in particular,

This implies

ff=)" 0i(ffom,

1<i<n
hence f may be replaced by
= > 9lf)emed,

1<i<n

because, according to the first part of the proof,

Z ei(f )om;

1<i<n

I/ =1l = < Y - fl—0 fork—co. O

1<i<n
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The subspace .Z is not only closed but also thin, as follows from more
general results obtained independently in [7] and [17]. It makes no difference,
therefore, to study (strongly) .7 -determined sets or weakly .7 -determined sets.

In this context it should be mentioned that .%# remains thin, if the canon-
ical projections 7; are replaced by any finite number of linear maps ¢; as
considered in the introduction (for a formal proof see [16]). This allows to
settle two questions touched there by an application of the crucial property (*)
stated after (5.3). First, without any restriction by some upper bound, for every
nontrivial nonnegative function g € %, (u) there exists a nonnegative function
g' € %.(u) suchthat g’ ~8 without g’ =8 Indeed, this is immediate unless

g is itself an indicator function 1p; in this case, however, it suffices to choose
A e with 1,4 > %1 g and to consider g’ = 2-1,. Moreover, as pointed out

already in §5, if the upper bound 1 is present, only indicator functions can be
uniquely determined by their equivalence class. .

After this digression the study of the classical case will be continued. Here
the result is very satisfactory in dimension 2: employing profound results by
Lorentz [15], in the present notation, Kuba and Volcic [12] and Fishburn et al.
[3] proved the equation &(%) = D(%Z). More generally the following result
holds:

(6.2) Proposition. In the case n =2 the class &(%') is closed, i.e.
S(F)=D(FX).
Proof. 1. It remains only to prove that D(%) is closed. To this end the
uniqueness criterion in [15] will be needed explicitly. Taking up the notation
in the proof of (6.1), assign a pair of “cross functions”
o = 0i(14) 1 x; — pz(Ax,)

to A €2 and let y;! be the associated (upper) distribution function

wi(t) = wipf >t) for0<t<1.
With these notations 4 is % -determined if and only if

(%) /tvlf(s)ds:/l(t//f(s)/\t)ds for0<t<1
0 0

(or equivalently with the indices interchanged).
2. Consider now a sequence of sets A4, € D(F) with 4, Y A and denote

by ¢in, 9; and w,,, ¥; the functions corresponding to A4,, A. Since u is
finite, convergence in measure implies norm convergence and, by the contraction
inequality in the proof of (6.1), the cross functions ¢;, converge to ¢; in the
norm as well. But this implies convergence of the distribution functions y;, to
v, at all continuity points of the limit. This, finally, yields the convergence of
the integrals in the criterion (x) and proves 4 € D(%Z). 0O

In the case n > 2 the situation is much more involved. That D(%Z) is
no longer closed, has been shown by Fishburn et al. [3]; that the class &,(.%)
depends on y at least at the beginning, i.e. &,(%) # G,(%), is contained in
a counterexample due to Kemperman [9]. Therefore the main open problem is
to decide whether D(%) is exhausted by the classes &,(%).
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To show that this fails, too, requires a slight generalization of a result men-
tioned without proof in [9]:

(6.3) Lemma. Assume n > 2 and let v, ..., v, be o-finite measures on R
with full support and with product measure v on R". Then for functions e; €
A (v;) satisfying

S_= {yeR": Z y,~<0}§{yeR": Z ei(yi)SO},

1<i<n 1<i<n

S, = {yeR": > y,~>0}§{yeR": > e,~(y,-)20}

1<i<n 1<i<n
there exist constants a >0 and b; with Y, ;., bi =0 such that

e;(y;)=ay;+b; forvi-almostally;, 1<i<n.
Proof. 1. With respect to v; = ), v; define the functions

e;(yi) = v; — sup {— YooY yi> _J’i} ,

J#i J#i
ey =r—infe =D e;n): Y yi<-vip .
J#i J#i
Since the sets defined by Z#,yj > —y; resp. 3y, ¥j < —y; for each y,

have positive v; -measure, these functions are everywhere finite-valued. The
following properties are immediate:

(1) ¢; and e; are nondecreasing,
(2) ¢; is left continuous and e; is right continuous.

Moreover, due to the assumption on S_ and S, , by Fubini’s theorem

(3) .e_i S €; S ?i 5
(4) e;(vi) <ei(y;) forally,,

where (4) is a consequence of (1)-(3) and the fact that v; has full support. For
the same reason

(5) ei(yi) <elz) fory <z.
2. Now the crucial point is the relation
(6) )+ > &) <0<E(y)+ Y e;(y) for > y=0.
J#i J#i 1<k<n
Indeed, choose X, ..., X, such that
xi<yi,x;>y; forj#i and > x<0
1<k<n

and consider for arbitrary € > 0 the set

Z={zeR':x;—e<z;<x;and y; < z; < x; for j # i},
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which obviously is contained in S_ and has positive measure. Thus

> ei(z:)<0 for v-almostall z € Z,
1<i<n
hence by (3)

Y ei(z:)<0 forv-almostall z€Z.
1<i<n

This, due to (5), implies
e;i(zi)+ Z?j(yj) <0 for y;-almost all z; € ]x; — ¢, x;[
J#i
and, due to (1), leads to
e;(xi—&)+) &(y,) <0,
J#i
For x; 1 y; and ¢ | O this yields by (2) the first half of the assertion, while the

second half follows by symmetry.
3. Summing up the inequalities (6) over i yields

Y oe)+n-1) > @)<Y @) +(n-1) ) em)
1<i<n 1<i<n 1<i<n 1<i<n
whenever ), <i<nVi= 0, and in view of n > 2 this is equivalent to
Y@< Y ey) for Y yi=0.
1<i<n 1<i<n 1<i<n
By suitable choice of y;, j # i, this combines with (4) to
e;(vi) =ei(y;) forally;.
Therefore, by (3)

(7 e =e€=¢

and by (6)

(8) Y em)=0= Y @a@) for Y y=0.
1<i<n 1<i<n 1<i<n

4. In view of (1), (7), and (8) it remains to find the nondecreasing solutions
e, ..., e, of the functional equation

9) > e(y)=0 for Y y;=0.
1<i<n 1<i<n

Here, the values ¢;(0) correspond to the constants b;, hence e;(0) = 0 can be
assumed. For i # j—and suitable y,, k # i, j—equation (9) yields

ei(y) =ei(y) +¢;(0) = ei(0) +¢;(y) =e€;(y),

hence e may be written instead of e;. Once more using (9) and n > 2 leads
to the functional equation

ey+z)=e(y+z)+e(0)=e(y)+e(z),

and the assertion follows from the isotony of e. 0O
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It should be noted that the condition n > 2 is essential for this result, because
for n = 2 each nondecreasing function e provides the solution

e(y1) =e(y1) and exy2) = —e(-y2).
Now the announced counterexample can be given:

(6.4) Proposition. Assume n > 2 and let ¢, : X; — R be homeomorphisms
satisfying

/(p,-‘dui<oo for all i,
Xi

/ ¢f du; = oo for at least one i.
Xi

A= Z (/),‘07[,'>0
1<i<n

is Z -determined without being % -separated of any order 7y .
Proof. 1. The functions

Then the set

Z (piNk)om; e %

1<i<n
increase for k — oo to the function
f*= Z piom;, € X*.
1<i<n

Since u(f* =0) =0, the assertion 4 € D(%) follows from (2.5).
2. Now assume for some countable ordinal y > 0 a representation

A={(f, 0} with f* = “omi €,
= {(/", a<y) =0} with /"= 3 freme

1<i<n

where || /0| # 0 without loss of generality. This implies in particular
{ E f})oni>0}CAC{ Z f?oﬂiZO}-
- u o p -
1<i<n 1<i<n
Passing from X to R” via y; = ¢;(x;), 1 <i < n, yields
YER": Y y;<0pCoyeR": Y fo; () <0
1<i<n g 1<i<n

and its counterpart, where v is the product of the image measures v; of u;
under ¢; . Since the measures v; have full support, (6.3) applies to e; = j}’o(pi"
and leads to

(fPop; (i) =ay;+b; for yi-almost all y; € R
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a>0and ), <i<n b; = 0. Finally, returning from R” to X, this yields
ff=ap;i+b forl<i<n,
Hi

where the case a = 0 is excluded by || f°|| # 0. Therefore ¢; € Z{(u) for all

i,in

contradiction to the hypothesis. O

It should be noted that the set A is by no means exotic; in fact it is always

open

and connected.
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